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.ibstract-The present investigation isconcerned with the determination ofthe dynamic 
response of the human head-neck system, represented by a fluid-tilled prolate spheroidal 
shell constrained by a viscoelastic beam, subjected to an impulsive load. The shell 
material representing the skull, is considered to be homogeneous. i otropic and elastic 
while the fluid, the representative of the brain tissue is assumed to be linear. isotropic, 
and viscoelastic. The problem is formulated in terms of prolate spheroidal coordinates. 
The singularities involved in the governing equations of motion are removed by a suit- 
able transformation of the concerned dependent variable. Initially, the solutions of the 
boundan value problem are obtained in the Laplace transform space, through the use 
of a suitable finite difference technique. Laplace inversion is carried out by employing 
suitable numerical techniques. Variations of the displacement and the strain in the skull 
as also the pressure distribution in the brain are presented graphically. A comparison 
with available experimental results is also made. 
INTRODUCTION 
In recent years. the mathematical as well as experimental modelling of the problem of 
head impact has been receiving the growing interest of a sizeable number of investigators 
working in the field of biomechanics because of the fact that approximately three-quarters 
of the fatalities resulting from accidents involve injury to the head. A good number of 
experiments have also been performed with regard to the head in order to fulfill the 
necessity of knowing the mechanical properties of the various components of the cranial 
vault. The properties of the skull bone in general and diploe in particular were studied 
by Roberts and LMelvin [ 11. Many of the earlier investigations in this area have been nicely 
reviewed in Roberts er al. [2, 3, 4, 51. In most of the model studies related to head injuries. 
the geometry of the brain case was considered to be perfectly spherical [6-211. This 
assumption simplifies the analysis to a considerable extent whether it is a case of a math- 
ematical model or a case of experimentation by using a physical replica of the human 
head. Due to the lack of sphericity of the skull, Goldsmith 1221 suggested that a human 
skull can be better represented by a prolate spheroidal shell, with the ratio of major to 
minor axes of about 413. In fact, the skull eccentricity was proved to have a significant 
contribution in the studies of various aspects of the cranial biomechanics by several in- 
vestigators [23-291. By modelling the head as a prolate spheroidal shell filled with an 
inviscid liquid, Talhouni and DiMaggio [24] obtained the distribution of stresses in the 
shell and pressure in the fluid by the finite difference method: the load applied on the 
shell surface was taken in the form of a uniform step pressure. Merchant and Crispino 
[23] studied brain damage caused by the generation of tensile pulses in the brain for 
axisymmetric impact by modelling the head as a fluid-filled spherical shell and a prolate 
ellipsoidal shell of revolution. Solutions were obtained by employing numerical tech- 
niques. 
8-t J. C. MISRA and S+UT.ABR.AT~ CH;\KR.~VARTY 
In most of the studies related to the evaluation of criteria for brain injury made so far 
by previous investigators through the consideration of mathematical or experimental 
models, the head was considered to be a free-floating system. But in reality, the motion 
of the head is controlled by the neck as well as its muscles and ligaments. Hence the 
consideration of the effect of the neck is expected to bring about appreciable accuracy 
in the computed results. The effect of the neck was considered by Huston and Sears [30] 
while studying the improvement of the crash helmet which provides protection against 
injury due to direct head impact. A computer simulation model was used by them for 
performing a quantitative analysis. 
The role of the neck in studies relating to injuries of the cranial system seems to have 
been first discussed by Landkof et al. [31]. They studied a non-destructive axisymmetric 
impact problem by using mathematical and experimental models. In the models considered 
by them, the shell representing the skull was assumed to be elastic, isotropic, homoge- 
neous, and perfectly spherical in shape; the fluid contained in the shell, representing the 
brain material, was considered to be inviscid and compressible with its motion irrotational. 
The effect of the neck was included through the consideration of a linear viscoelastic 
cantilever beam rigidly connected to the shell. The impact force was assumed to be of 
the form of a half-sine pulse of 2.5 msecs duration. Results computed on the basis of their 
analytical study for the circumferential strain in the shell, the fluid pressure and the dis- 
placement of the head-neck junction were reported to be in good agreement with those 
obtained from the study of the experimental model. 
The purpose of the present article is to report the results of a theoretical study on the 
dynamic response of a head-neck structure when exposed to an impulsive force. Due 
attention has been paid to the skull eccentricity and to the material damping behaviour 
of brain tissue (as per previous experimental observations reported by LMcElhaney er al. 
[32], Jamison et al. [33], as well as Galford and McElhaney [34]). The analytical formu- 
lation is made through the use of prolate spheroidal coordinates. The solution is first 
sought in the Laplace transform space by using a suitable finite difference scheme. By 
employing an alternating-direction-implicit-procedure and using the Thomas algorithm, 
the velocity potential function for the fluid (brain) is obtained in the Laplace transform 
space. The equations governing the motion of the shell (skull) are also solved first in the 
transformed space by making use of a suitable bi-tridiagonal algorithm. Laplace inversion 
is carried out by employing Gauss quadrature formulae. This enables us to compute var- 
ious quantities of interest in studying the dynamic response of the system. 
STATEMENT OF THE PROBLEM AND DERIVATION OF THE EQUATIONS OF 
MOTION 
The mathematical model of the human head used for the present investigation is an 
elastic prolate spheroidal shell (representing the skull) filled with a viscoelastic (Kelvin) 
material representing the brain tissue; the shell is supposed to be connected to a linear 
viscoelastic cantilever beam (representing the neck). Of specific interest here is the sit- 
uation when the system is subjected to an axisymmetric impact load in the form of a half- 
sine pulse. Prolate spheroidal coordinates are used in the analysis, and the coordinate 
system is shown in Fig. 1. 
In the prolate spheroidal coordinate system, let (& 17. 6) denote the coordinates of a 
representative material point and (u, u, w), the displacement components in the 6-, q-, 
and t-directions, respectively. Also let .$ = a represent the middle surface of the shell 
representing the skull. The shell is assumed to be bounded by two confocal spheroids 
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Fig. 1. Prolate spheroidal coordinate system. 
defined by 
E; = a t h/d, 
d being the inter-focal distance (Fig. 2) and h the minimum thickness. The eccentricit! 
of the middle surface is I/a. 
The equations of motion for the skull in the impacted condition, derived on the basis 
Fig. 2. Geometry of structure. 
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of thin shell theory assumptions, read 
tll( _+&e arc, 
g’ aq - a+ + g3L( + g, an, f gj,*' 
where the derived expressions for the coefficients g;‘s (i = 1, 2, . . . . 5, 9). fj’s (j = 1. 
2, 3). and hk’s (k = 1, 2, . . . , 5) are shown in Appendix .A: p(, = ~,(a, q, t) represents 
the internal fluid (brain)-pressure, h and p. denote the Lame’s constants, ps the mass 
density, and E, II the Young’s modulus and Poisson’s ratio of the skull material. In the 
above equations, MA and FH are the moment and the interaction force at the head-neck 
junction, F, the impact force and S, S, are the areas of application of the impact and 
restraint forces. 
The fluid velocity potential @(t, q, t) satisfies the equation 
1 _ pd2 - ,(r;’ - &.$ (4) 
where G’ is the shear modulus, V’ the viscosity coefficient, and p the mass density of the 
brain material. 
INITIAL AND BOUNDARY CONDITIONS 
The initial conditions are taken in the form 
4q, 0) = u(q, 0) = “C’(?J, 0) = 2 (?J, 0) = $ (q. 0) = $ (7, 0) = 0, 
@(5, -f-l, 0) = 
aa 
-$ (5. q. 0) = 0 
and the boundary conditions in the form 
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The singularities of the above system of differential equations (I)-(4) at 5 = = 1, n = 
I: I are removed by making use of the following transformations: 
and 
in which U, V, and W are regular in n while G([. q, t) is also regular in [ and ‘~1 in 1 5 
[‘cl, - 1~~~lprovidedU(~l,r)=O= V(tl,t)= W(=l,r)andG(k,zl.r)= 
0 = G(1, q, t) such that the equations of motion (l)-(4) assume respectively the forms: 
and 
the calculated expressions for the coefficients cl. c2, gl’s (i = 1, 2, . . . , 5. 9), f;‘s 
(j = 1, 2, 3), and Irk’s (k = I, 1, . . . 5) are included in Appendix B. 
With the same transformations, the boundary conditions stated in (5) assume the form 
(10) 
Applying Laplace transform (L.T.) on the above Eqs. (6), (S)-(lo), one gets 
a77 a*77 
g; - + g; _) i- g;I/ + g; - 
dtl an- 
(11) 
h’ “” -t h’ a’w 
- 
‘aq ’ a+ 
c h;W + h; 5: + h;I/ = g;s’w - Cz(l - $), (12) 
pd2s’([’ - Tt2) G = o 
4(G’ + XV’) 
(13) 
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(14) 
where the bar represents the Laplace transform of the concerned function and s denotes 
the transformation variable. 
In order to map the finite physical domain 1 I 5 I a, - 1 5 q 5 1 onto the finite 
mathematical domain 0 I y I 1, - 1 % -q I 1 let us make use of the substitution 
5 = y(a - 1) + 1. 
Using (15) in (13) and (14) one finds 
- - 
[ 
$(a - 1) + 2y 
I 
a% 
2 
-- [y(a - 
ay2 
1) + + 
a-l 
11 2q- 
a - 1 
f$ ;; 
- 
+ (1 - $) $ - 4(GPd;zV,s) [Ma - 1) + 1Y 
and 
- sW 2[y(a 1) + 11 1 ac = - 
(a - r)*[yQ - 1) 2y] 
?Y?+ 
+ y’(a - 1) + 24’ d,- 
(15) 
- _rl’]G = 0 (16) 
ony = 1. (17) 
All the unknowns involved in the above Eqs. (7), (ll), (12), and (16) are obtained 
numerically through the use of a suitable finite difference technique. The details of the 
finite difference scheme which has been employed here are presented in the following 
section. 
FINITE DIFFERENCE APPROXItiIATIONS 
Employing the central difference formula in order to transform all the derivatives in- 
volved in the equations into their difference forms, the finite difference formulations of 
the Eqs. (7), (ll), (12), (16), and (17) are obtained. These equations read 
(19) 
w 
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>;(a - 1) f 2yi 
(a - l)(Ly)’ - (a - l)AJ 
~ a1 - $1 pd’s’ 
(L$ T 4(G’ + sy’) 
{[$(a - 1) i 11’ - $} 
1 
Gj.j 
yf(n- 1)+2yi 
(n - IHAy)’ - (a - 1)Ay 
I l-l+ 
[ 
q ~_- 
(A# A?J I 
Gi,j_, = 0 
(21) 
and 
SWj = 
l[v[(Q - 1) + I] 
[y&l - 1) + 3~i]‘(a - 1)’ 
Gi.j 
- 
1 
+ 
Gj_ ,.i - Gi- ,.i 
y;l(U - 1) + Zyi 21y I 
any;= l(ati=R) (22) 
in which V = V(T~. tk) z Vj,~.c/ = V(qj) s Uj, W = W(qj) E Wj, and G = ??(Vi, qj) s 
Ci,j: Ay, An, and At denote the increments along y. r)-, and t-directions, respectively. 
The notation ( )j denotes the value of an expression when n is replaced by Q. 
The Eq. (18) is uncoupled and is of the tridiagonal type. This equation is solved first 
by using the Thomas algorithm subject to the conditions V(T, 0) = 0, V(+ 1, f) = 0, and 
V0.k = VI/i. 
For this purpose, we define 
‘lj = (j - l)AT 
as the points situated on the q-axis. 
To solve the Eq. (21), we further define yi = (i - 1)Ay and set Ay = Art. Using the 
alternating-direction-implicit procedure, this equation (representing the motion of the 
fluid) is solved in the square region 0 5 y 5 1, 0 I I) 5 1 which is subdivided into a grid 
with N subdivisions on both the y and 7 coordinates with spacing 6 = l/N (The details 
of the system of grid points is illustrated through Fi g. 3) under the following conditions: 
at j = X, Ci,,Y+r = 0 for all i, where X represents 
the increment in the q-direction 
at i=l, G0.j = G2.j for all j 
and 
at j = 1, Gi,o = Gi,? for all i. 
Using an iteration parameter r = (Ay)‘/Ar, the finite difference equations for y and n 
implicit directions are obtained from the Eq. (21) which are also solved by making use 
of the Thomas algorithm. The solutions thus obtained are employed in finding the solutions 
of Eqs. (19) and (20) subject to the matching boundary conditions (21) and the natural 
boundary conditions 
uj = 0 = wj (j = X). 
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Fig. 3. System of grid points. 
These coupled equations are written in the bi-tridiagonal form and hence the solutions 
are obtained by using the efficient bi-tridiagonal algorithm [35]. 
After having obtained these solutions in the Laplace transform domain, the inversion 
is performed numericaly by means of Gaussian quadrature formula [36]. 
NUMERICAL RESULTS AND DISCUSSION 
For the purpose of the numerical computational work, let us consider a particular form 
of impact on the head-neck system defined by 
FI(~) = ! 
130 sin $ t (Kg), 0 < t s 2.5 (msec) 
_. 
0, t > 2.5 
with time t in msec [cf. 311. 
The values of the parameters involved are taken as follows [cf. 24, 31, 371: 
Ei = 2.06 x 10’ MPa; Q = 8.924 MPa - set; 
EZ = 1.72 x 10’ MPa; pA = 10 MPa set’; 
a = 1.5; d = 0.1016 m; p = 0.9774 x lo3 Kg/m3; 
G’ = 1.7 X lo3 Pa; u’ = 0.009 m’/sec; h = 0.15; 
ps = 2.08 x lo3 Kg/m3; v = 0.38; E = 4.6 x lo3 MPa; 
S = 6.45 x 10e4 m’; S, = 7.3 x lo-’ m2. 
Numerical results obtained by making use of the impact pulse and data mentioned above, 
are exhibited through the Figs. 4-9. 
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The variation of the displacement along &direction of the head-neck system at different 
locations on the skull surface (5 = 1.5) is presented in Fig. -I for three different pulse 
durations, viz. 1 msec, 2 msecs. and 3 msecs. It is observed that as time increases. the 
amount of displacement in this direction is reduced considerably. 
Figure j illustrates the variations of the displacement in the t-direction at various 
Fig. 3. Variation of the displacement along b-direction on the skull-surface. 
@or- 
0 0 *l 0.2 0.3 0’4 0.5 0.6 
Fig. 5. Variation of the displacement along [-direction on the skull-surface. 
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locations of the skull surface for the same impact durations. These curves are found to 
be shifted above towards the origin with increasing time. 
Figure 6 shows the time variation of the skull-displacement in the t-direction. One may 
note that this displacement component attains a maximum at time t = 1 msec and then 
gradually diminishes as time progresses. 
The time variation of the strain component along e-direction at a particular location (TJ 
= 0.93) is exhibited in Fig. 7. The values for the average strain obtained experimentally 
by Landkof et al. [31] are also shown in this figure in order to compare and validate the 
results of the present study. 
I t t t 
o-o 1 2 3 4 5 6 
t(msec) - 
Fig. 6. The displacement (in the {-direction) versus time at q = 0.95. 
30 
XICP ----- EXPERIMENTAL RESULTS 
t ( m set ) --f 
Fig. 7. Variation of the strain component with time at 11 = 0.95. 
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The results illustrating the distribution of the strain component along &direction on 
the skull surface are presented for a particular time (t = 1 msec) through Fig. 8. -4 
reduction in the vaiue of the strain component with the increase in q is observed. 
Figure 9 illustrates the pressure distribution in the fluid content (brain matter) at tvvo 
different locations q = 0.0 and n = 0.95 at two different instants of time. The variation 
Fig. 8. Distribution of strain component em.+, on the skull surface at I = 1 msec. 
- ‘1= 0.0 
__-- ‘L = 0.95 
-82.8 I f I I I I I 
00 0.2 O’L OS O-8 1.0 
Y--, 
Fig. 9. Distribution of fluid-pressure at different instants of time. 
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of the pressure is studied with y = ($ - l)/(a - 1). It is noted that the magnitude of the 
fluid pressure is more at t = 1 msec than that at t = 2 msecs. Also the fluid pressure 
is negative in nature. This is in conformity to the observations of previous experimental 
and theoretical investigators, based upon which the cavitation hypothesis has been 
propounded. 
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